Abstract. Dubois coined the term incursion, for an inclusive or implicit recursion, to describe a discrete-time anticipatory system which computes its future states by reference to its future states as well as current and past states. In this paper, we look at the dynamical features of a particular incursion derived from a discrete-time SIS epidemic model which has been proposed in the context of a social system with functionally differentiated subsystems and contrast them with the properties of the underlying recursion.
INTRODUCTION
Sociologists have described modern society as a system with "functionally differentiated" subsystems [10] , [13] : subsystems like the law, the mass media, the economy, etc.. On the other hand, the use of "compartmental" models is widespread in the natural sciences e.g. biology and biochemistry [16] , ecology [14] , epidemiology [4] , etc.. Both of these approaches have the feature that within each subsystem or compartment quantities are modelled as being perfectly mixed or homogeneous and transport takes place between compartments [16] . The time evolution of each subsystem is governed by intrinsic growth tempered by the interactions between the compartments. In deterministic modelling the time evolution of a discrete-time causal dynamical system has traditionally been described by a recurrence relation or recursion
where x k is the state of the system at time k and a is a set of parameters. In the application considered in this paper, each component of the state represents one of the functionally differentiated subsystems. On the other hand, a selfreferential or strong anticipatory system [6] uses, in addition to present and past values, future state values to determine its time evolution, and may be described by
If such an equation is solvable for a unique next state (x k+1 ) then Dubois referred to the equation as an incursion, while if there is more than one solution, he called it a hyperincursion [5] . In the context of anticipatory systems, Torres-Carbonell et al. [18] contrasted intra-(within a compartment) with inter-(between compartments) anticipation in the design of software systems. Leydesdorff [8] , [9] has persuasively argued for the use of anticipation in modelling intentionality in the functionally differentiated subsystems of Luhmann's Social System. The structure of the paper is as follows. In section 2, an interaction model for functionally differentiated subsystems with a social interpretation is introduced and explicated. It is equivalent to a basic model in epidemiology . One discretisation of this model leads to a recursion; another to an incursion. Section 3 investigates a particular version of the model with two subsystems, both with and without anticipation and compares aspects of their dynamics. In section 5 an interpretation of the results is given and its implication for more general models.
INTERACTIONS AMONG SOCIAL GROUPINGS
Consider a system with L compartments. At time t each compartment has S i (t) "socialised" members and I i (t) "isolated" members where i = 1, . . . , L. Due to interactions of "mass-action"type between isolated members in any one compartment and socialised members of all compartments, the isolated members become socialised at a rate proportional to the number of socialised members times the number of isolated members. In addition, it is assumed that a number of socialised members eventually return to the isolated class at a constant rate, due to e.g. aging etc. (see Fig. 1 (left) ). This results in a model where for every compartment there is a pair of complementary equations:
where α i , β i, j > 0 are the recidivist rate constants and mass action rate constants respectively. An alternative and equally valid interpretation, and which is instantiated in the next section, is to have S i (t) refer to a population of facts, ideas or opinions on a particular subject matter that are to the fore in the public domain at time t while I i (t) refers to those features that are as yet publicly unknown or are out of fashion. Notice that eqs (1) and (2) imply that S i (t) + I i (t) is constant. Indeed letting N i be the constant population of compartment i, then one variable can be eliminated and for instance eq (1) can be rewritten as
Formally, this "Isolated -Socialised -Isolated (ISI)" model is identical to the well known basic "Susceptible-InfectiveSusceptible (SIS) " model in epidemiology 1 [4] . In the scenario described above, it is reasonable to assume that measurements are available at discrete points in time and thus a discretised version of the model is appropriate. When a forward Euler discretisation with step size "h" is used, eq (3) yields the recursion
This model with its epidemical interpretation was investigated in [2] . Another approach to the modelling of such a social system is to assume that the actors are intentional and anticipate the interactions thus precipitating the use of incursions or hyperincursions. One such uses a Mickens-type non-standard discretisation for biological models [1] , [12] which yields the system
This model defines an incursion. A specific instance of eqs (4) and (5) will be studied in the following sections.
A MODEL WITH TWO FUNCTIONALLY DIFFERENTIATED SUBSYSTEMS
In this section, a system with L = 2 compartments is considered together with the special requirement that there is no intra compartment interaction i.e. Fig. 1 (right).) One possible societal scenario for this is the interactions between the News Media ( or at least the reporting of politics) and the Parliamentary Sphere. The former can be divided into the current news (S 1 ) and stories that have either to break or have gone stale (I 1 ). The latter can be considered in terms of laws enacted (S 2 ) and bills about to be presented to parliament (I 2 ). There is an interaction between the about to be proposed bills I 2 and the current news S 1 , and also between stories about to break I 1 and laws just enacted S 2 ; and to complete the loop, a certain number of laws need to be updated, i.e. return to the bill stage. In point of fact, it can be argued that the interactions discussed above are more properly modelled by anticipatory interactions, proposed bills arise not only from current news but also from prospective news and similarly, soon-tobreak stories not only depend on enacted laws but prospective laws. With regard to the mathematical model, by nondimensionalisation, the number of parameters can be reduced from six to four. With t = kh, the relationship between the parameters and variables of the original recursion [eq (4)] and one possible rescaled model [eqs (6) and (7)] is given by
The resultant recursion or map is then
where
Similarly with the same rescaling, the resultant incursion is
with the same ranges for parameters and variables. A trajectory 3 (of either model) is the set of points (x k , y k ) generated by iterating the model equations starting from some initial point (x 0 , y 0 ). In both of the models, it is required that x k and y k be in the rectangle R for all k ≥ 0. However, inspection of eqs (6), (7), (8) and (9) shows that it is possible for x k+1 or y k+1 not to be in R for certain choices of the parameters a, b, X M , Y M . A feasible trajectory is a trajectory for which x k , y k ∈ R for all k ≥ 0. Furthermore the feasible set (F ) is the set of all initial points (x 0 , y 0 ) which generate feasible trajectories. It is of paramount importance in analysing how the system behaves to identify F . An equilibrium or fixed point is a solution of (x k+1 , y k+1 ) = (x k , y k ). Both recursion and incursion have the same fixed points : these are (i) the origin (0, 0) and (ii) (x, y) where
Thus the second of these is different from (0, 0) and feasible only if X M Y M > 1. A fixed point is locally asymptotically stable if trajectories which start in a neighbourhood of the fixed point converge to the fixed point with increasing time. Similarly a fixed point is feasibly locally asymptotically stable if feasible trajectories which start in a neighbourhood of the fixed point converge to the fixed point as time increases. In addition a fixed point is (feasibly) globally asymptotically stable if all (feasible) trajectories converge to the fixed point as time increases. Our main concern shall be the stability properties of the fixed points. 
The Recursion
In [2] and [11] a partial analysis was made of a SIS epidemic model that is formally identical to the recursions of eq (4) and eqs (6) and (7) respectively. For the two compartment model, it was shown that a necessary and sufficient condition for F = R is max(a, b, aY M , bX M ) ≤ 1
For other values of the parameters, it is possible to get F ⊂ R. (See Fig. 2 .) In epidemiology, a parameter called the Basic Reproduction Number or Ratio (R 0 ) is of crucial importance; it is the mean number of secondary cases a typical single infected case will cause in a population with no immunity to the disease. Generally if R 0 < 1, then the incidence of the disease will die out. If however, R 0 > 1 then the disease is endemic. In the social system considered here, it plays an analogous role: if R 0 < 1, then the system becomes de-socialised and all members become isolated, while if R 0 > 1 socialisation occurs. It can be calculated for certain mathematical models which includes the two compartment model considered herein. In [11] , it was found that
and shown that for R 0 ≤ 1 the fixed point (0, 0) is globally stable for all feasible trajectories. Thus when condition (11) is satisfied and X M Y M ≤ 1, all feasible trajectories converge to the origin. There are other trajectories that converge to the origin but they are not feasible. (See Fig. 3 .) On the other hand, for R 0 > 1, sufficient but not necessary conditions are given in [11] for feasible trajectories to globally converge to (x, y). In addition, simulations seem to indicate the if (x, y) is locally unstable, then there are no other stable feasible structures. (See Fig. 4 and Fig. 5 ).
The Incursion
The anticipatory model of eqs (8) and (9) can be rewritten as
which incursion is then readily "solved" to get the equivalent recursion This is a map with a vanishing denominator giving rise to potential non-classical singularities: a curve of nondefinition, a focal point and a prefocal line [3] . Only the first of these will play an active role in this paper. The curve of non-definition of a map T is the set of points where the denominator vanishes. Here it is the set
Furthermore the map is invertible. 4 Denoting the inverse by T −1 , the domain of the map can be expressed as D = R \ ∞ j=0 T − j (δ S ), i.e. the rectangle R less the curve of non-definition and its pre-images of all orders. In Appendix A1 , it is shown that necessary and sufficient conditions for F = R are that
For other values of the parameters, it is possible to get F ⊂ D. See Fig.6 . The inequalities of (16) are less stringent than (11) in the sense that if condition (11) In Appendix A2, some sufficient conditions on parameter ranges are given which verify the first of the above conjectures in the case when the map is monotone [17] . 4 The inverse map is readily computed to be
CONCLUSIONS
A fairly standard derivation of an L-compartment differential equation social model is introduced. The model can be discretised using a forward Euler scheme to get a recursion. The model can also be cloned to produce an incursion which can either be interpreted as resulting from a non-standard discretisation or can be justified by reference to the reflexive capabilities of the social agents involved and their perceptions of how the agents in other compartments evolve. A specific low dimensional model is then analysed. The actual two compartment recursion and derived incursion considered in detail have dynamics that are very straightforward -convergence to a fixed point. Either a society of total isolated members in each subpopulation or a state where the socialised and isolated members of each class exist in equilibrium. In terms of the example of the news media and the parliamentary process, the former state consists consists in all stale news and unenacted laws, surely not what is seen in practice, the latter to interactions more usually seen in a modern society. Which fixed point is achieved depends on how large the product of the parameters X M Y M is. This number in turn is directly proportional to the product of the growth rates and inversely proportional to the product of the recidivist rates. The higher the growth or recruitment rates into the socialised state and the smaller the rate of return to isolation the more likely the system will reach its socialised equilibrium. The anticipatory system leads not to a different outcome but it allows a greater range of parameter values to define a working system. Many would argue though that the dynamics produced by this model are not vibrant enough. A few comments on the technicalities of the model are perhaps in order. In order to allow all values of the variables between minimum and maximum to be entertained, severe constraints are placed on the rate at which socialised members return to the isolated state (or alternatively, at the rate current news becomes stale) and also on the mass action growth rates. It was noted that if more leeway was afforded to these parameters, it was possible to see qualitatively similar dynamics at accelerated rates but not over the entire spectrum of variable values. In addition, the model uses a constant population size in each compartment, which is certainly debatable and very much depends on the specific application. "Births and deaths" could also be added to the system. It must also be pointed out the the lack of intracompartment growth terms severely reduces the capability of the model to generate more exotic behaviours, never mind what such terms might deliver if anticipatorily implemented.
